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Adopting an approach similar to that of Zukowski [Phys. Rev. A 62, 032101 (2000)], we investi- 
gate connections between teleportation and nonlocality. We derive a Bell-type inequality pertaining 
to the teleportation scenario and show that it is violated in the case of teleportation using a perfect 
singlet. We also investigate teleportation using 'Werner states' of the form aP s + (1 — a)7/4, where 
P a is the projector corresponding to a singlet state and I is the identity. We find that our inequality 
is violated, implying nonlocality, if a > l/v2- In addition, we extend Werner's local hidden variable 
model to simulation of teleportation with the a = 1/2 Werner state. Thus teleportation using this 
state does not involve nonlocality even though the fidelity achieved is 3/4, which is greater than 
the 'classical limit' of 2/3. Finally, we comment on a result of Gisin's and offer some philosophical 
remarks on teleportation and nonlocality generally. 



PACS numbers: 03.67.-a, 03.65.Ta 



I. INTRODUCTION 



Quantum 'teleportation', first introduced in (TJ , is a 
quantum mechanical scheme that allows one participant 
(Alice) to transmit a quantum state in her possession to 
another participant (Bob) . In the original version, it is a 
spin-i state that is sent and the only resources required 
are a shared singlet and the capacity for Alice to send 
two classical bits to Bob. In this case, Bob ends up with 
a state identical with the one Alice begins with. The 
state in Alice's possession is randomized, so there is no 
contradiction with the no-cloning theorem O . A notable 
feature of the scheme is that it works even when Alice 
has no knowledge of the state she is sending. 

Briefly, the procedure described in jl| (hereafter re- 
ferred to as 'the standard scheme') works as follows. Let 
the state Alice wants to teleport be |x) and the shared 
state have density matrix p. Alice performs a joint mea- 
surement on her half of p and \x). The measurement 
projects onto the Bell basis. Alice sends two classical 
bits to Bob informing him of which of the four possi- 
ble outcomes she got. Bob then performs a correspond- 
ing unitary transformation. If p is maximally entangled 
then these four unitary transformations can be chosen 
such that the state Bob ends up with is identical with 

lx). 

If p is not maximally entangled then typically, Bob 
will end up with something that is not identical with |%). 
Suppose that at the end Bob is in possession of a state 
whose density matrix is M. The 'fidelity' of the tele- 
portation is defined as (x|M|x). In general, the fidelity 
will depend on \x) but we can define an average fidelity 
by averaging over all possible values of \x)- This aver- 
age is often referred to as 'the' fidelity for a particular 
teleportation scheme and shared state. 

In Vaidman's view ||, quantum teleportation is so 



called because it involves the transfer of an 'object' from 
one place to another without it ever being located in the 
intervening space. He troubles to argue that 'telepor- 
tation' is indeed an appropriate name for this process. 
This might already lead us to entertain rather vague no- 
tions that teleportation must be intrinsically connected 
with another idea, viz., 'nonlocality'. In particular, in 
the case in which the fidelity is 1 (corresponding to per- 
fect teleportation) , it seems intuitively obvious that some 
sort of 'nonlocality' is at work. 

The purpose of this study is to investigate this idea 
in more detail (other studies have been undertaken in a 
similar spirit by Gisin Zukowski Hardy || and 
Cerf et al Q). First, in Sec. ||, we define more precisely 
what we mean by 'nonlocal' - broadly speaking, we take 
it to mean 'not simulable by local hidden variables'. In 
the literature now, nonlocal is often used simply to mean 
entangled. We emphasize that it is the relation between 
teleportation and n onlo cality in our sense that we shall 
investigate. In Sec. 



Ill 



we discuss results of Hardy's |f|| 
which show that teleportation and nonlocality are con- 
ceptually distinct and which give us an idea of how local 
hidden variables might simulate a teleportation proce- 
dure. This leaves open the question of whether telepor- 
tation and nonlocality are physically distinct - this is the 
question that we turn to in Sec. IV. Here, we adopt an 
approach similar to that of Zukowski |^| and derive an 
inequality, the violation of which shows that perfect tele- 



portation using a singlet implies nonlocality. In Sec. VI 
we consider teleportation using 'Werner states' instead 
of pure singlets. We extend Werner's original local hid- 
den variable model in order to simulate a teleportation 
scenario with local hidden variables. We also consider 
how high the teleportation fidelity can be before telepor- 
tation using a Werner state violates our inequality and 
therefore implies nonlocality. Finally, in Sec. VII, we 
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comment on a result of Gisin's that he claims has rele- 
vance to teleportation and nonlocality. We suggest that 
his interpretation of his result is slightly misleading but 
that the result is still interesting if interpreted differently. 

II. WHAT WE MEAN BY 'NONLOCALITY' 

We would do well at the outset to specify precisely 
what we mean by nonlocality. Broadly, we take it to 
mean nonsimulablility by local hidden variables (but see 
the end of this section for a qualification). Consider a 
bipartite state p acting on Ha <8> Ti.B ■ The two subsys- 
tems are spatially separated, one being in the possession 
of an observer Alice and the other being in the posses- 
sion of an observer Bob. Alice performs a measurement 
A on her subsystem while Bob performs a measurement 
B on his; these measurements occur at spacelike separa- 
tion from one another. This procedure is repeated with 
a new system in the state p each time. We refer to this 
as a 'Bell- type experiment'. If measurement A has an 
outcome and measurement B has an outcome bj , then 
a hidden variable model supposes that the probability of 
getting these two outcomes can be given in the form 

Pr(a i ,b j \A,B,p) = JdX oj p (\) Pr(ai,bj\A,B,X), (1) 

where a-> p (A) is some distribution over a space A of hid- 
den states A. A local hidden variable model imposes the 
additional constraint 

Pr(ai,b j \A,B,X)=Pi(a i \A,X)Pr(b j \B,X). (2) 

It was Bell who first discovered that some quantum 
states are nonlocal J^]. He derived an inequality involv- 
ing the probabilities of measurement outcomes that must 
be satisfied by any local hidden variable model. He then 
showed that the quantum mechanical predictions for two 
spin-i particles in a singlet state violate this inequal- 
ity. Different versions of Bell's inequality were derived 
in We refer to these as the Clauser-Horne (CH) 

inequality and the Clauser-Horne-Shimony-Holt (CHSH) 
inequality, respectively. 

These results have since been generalized. In [ jjr| , 
Peres considers experimental scenarios in which Alice 
and Bob each choose from an arbitrary finite number of 
possible measurements to perform, where each measure- 
ment has an arbitrary finite number of possible outcomes. 
Peres shows how to construct a list of inequalities, the 
idea being that if the outcomes can be simulated with 
a local hidden variable model then all the inequalities 
must be satisfied. He gives both a graphical method for 
the easy construction of these inequalities and an algo- 
rithm that produces a complete set - complete meaning 
that the satisfaction of all the inequalities is sufficient 
for the existence of a local hidden variable model for the 



particular experimental scenario considered. We refer to 
these inequalities as 'Bell- type inequalities'. 

Both the formalism developed by Peres and that of 
Eqs. (|]) and (0) above apply only to a scenario in which 
Alice and Bob each perform a single measurement on 
each run of the experiment. In a more complicated sce- 
nario, Alice and Bob might perform a sequence of mea- 
surements. In Popescu gives examples of states for 
which nonlocality can be revealed in this manner even 
though local hidden variable models exist for single mea- 
surements that satisfy Eqs. ([!]) and (|^) - he calls this 
'hidden nonlocality' (we discuss this briefly again in Sec. 

. A new formalism would be needed to explain what 
is meant by a local hidden variable model here and what 
conditions would have to be violated for the nonexistence 
of such a model (see ,e.g., [fi~3|). We do not discuss this 
further. In what follows, we refrain from calling a state 
'local' unless it is completely local, i.e., has no hidden 
nonlocality (and indeed does not display what Tcufcl 
et al. call 'deeply hidden nonlocality' jl3|]). We may, 
however, speak of a state having a 'local hidden variable 
model', meaning only a model that satisfies Eqs. and 
- such a state may still have hidden nonlocality. 
Note that in all of this we have been considering 
only measurements performed separately on each particle 
pair. In some cases, nonlocality may be revealed if Alice 
and Bob are allowed collective measurements on several 
particle pairs at once, even though the state would be 
local if this possibility were not allowed. We choose to 
ignore this possibility when classifying states as local or 
nonlocal - one could argue that, if collective measure- 
ments on n copies of a state p are needed to reveal non- 
locality, then it is the state p® n that is nonlocal rather 
than p. 

III. CONCEPTUALLY VS PHYSICALLY 
DISTINCT 

In [|| , Hardy shows that teleportation and nonlocality 
are conceptually distinct. 'Conceptually distinct' means 
that we ought to be able to imagine a scenario (not nec- 
essarily one complying with known physical laws but one 
that is at least logically consistent) in which perfect tele- 
portation is realizable while locality is demonstrably pre- 
served. Hardy constructs just such a scenario in the form 
of a toy theory which allows for notions of systems, states, 
measurements, a no-cloning theorem and teleportation. 
It is also demonstrably local. Note that this is separate 
from the question of whether teleportation and nonlocal- 
ity are physically distinct - in other words, it still may be 
the case that teleportation in quantum mechanics implies 
nonlocality. 

In fact, Hardy gives two reasons why we might think 
that nonlocality is implied by quantum teleportation. 
The second reason he gives is that entanglement can be 
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teleported in quantum mechanics. In other words if Alice 
and Bob share particles C and D in a singlet state, while 
Alice has particles A and B in her possession in some 
entangled state \iP)ab, then Alice can teleport particle 
B to Bob so that at the end of the protocol A and D 
are in the state \i/))ad- (This works essentially because 
teleportation is a linear operation applied to particle B 
0.) It is then possible to obtain a violation of Bell's 
inequalities by performing measurements on A and D. 
However Hardy also responds to this point: 

"We cannot necessarily assert on the ba- 
sis of this fact that nonlocality plays a role 
in quantum teleportation. It is possible that 
the extra information which establishes the 
nonlocal correlations is only transmitted in 
the process of measuring the quantities in 
Bell's inequalities, and is not transmitted in 
the teleportation process." 

In recognition of this sense that the subsequent testing 
of entanglement that has been teleported is not part of 
the teleportation process itself, we will hereafter ignore 
the possibility of teleporting entanglement. We will con- 
sider teleportation of a single state, not entangled with 
any others, and the question of when this might imply 
nonlocality. 

In giving his first reason why teleportation might imply 
nonlocality, Hardy notes, following Bennett, that: 

"the amount of information needed to 
specify a general qubit is much greater than 
the two bits of information which is classi- 
cally communicated during quantum telepor- 
tation. One might speculate that when a 
qubit is teleported, the extra information is 
being carried by the nonlocal properties of 
the entangled state." 

As well as making this point, however, Hardy also has a 
response: 

"On the other hand, it is not possible 
to extract more classical information from a 
qubit than the two classical bits communi- 
cated during teleportation and so there must 
remain questions about the reality of the 
quantum information apparently transmitted 
during teleportation." 

These two quotations, then, provide us with a moti- 
vation for a detailed investigation of the relationship be- 
tween teleportation and nonlocality in quantum mechan- 
ics. This is undertaken in the next section. We adopt 
an approach similar to that of Zukowski ||. We derive 
a Bell-type inequality and show that it is violated in the 
case of teleportation using a shared singlet and the stan- 
dard scheme. 



First, however, Hardy's toy theory is interesting be- 
cause it provides some insight into how hidden variables 
might be able to describe a teleportation process, so it 
is worth examining a few of the details. A particle in 
Hardy's theory exists in one of four states, labelled 0,1,2 
and 3. The states are 'hidden' states because there is 
no measurement that will determine the state of a parti- 
cle unambiguously and we cannot prepare a particle with 
an unambiguous state. We write the state of two parti- 
cles as a vector (£1,0:2), where a:i,£2 £ {0,1,2,3}. Two 
particles may be correlated - for example, we can pre- 
pare them in such a way that their state is given by 25% 
chance of (0, 0), 25% chance of (1, 1), 25% chance of (2, 2) 
and 25% chance of (3,3). 

This is the preparation used to perform teleporta- 
tion and is clearly analogous to the maximally entangled 
quantum state used in the standard quantum mechani- 
cal scheme (except, of course, it has none of the nonlocal 
properties possessed by a maximally entangled quantum 
state). Suppose Alice and Bob share two particles, called 
particles 2 and 3, which have been prepared in this way. 
Suppose that Alice also has another particle, particle 1, 
in an unknown state, which she wishes to teleport to Bob. 
Alice can perform a joint measurement on particles 1 and 
2 which can be characterized by four possible outcomes: 
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The notation means that if outcome Bq was obtained, for 
example, then the initial state of the two particles was 
either (0,0), (1,1), (2,2) or (3,3). Any possible initial 
state of the two particles leads to a unique measurement 
outcome. After the measurement, if outcome Bq was ob- 
tained, then the state of the two particles is one of these 
four with equal probabilities i.e., measurement disturbs 
the system (this leads to a proof of a no-cloning theorem). 
The measurement described here is clearly analogous to 
to the Bell-measurement used in the quantum mechanical 
standard scheme. 

Alice now uses two classical bits to inform Bob of her 
measurement outcome. If X3 is the initial state of particle 
3 and x\ the initial state of particle 1, Bob now knows 
the value of i = (2:3 — £1) mod 4. Bob can perform an 
operation on particle 3 given by Ui : X3 —> (2:3 — 1) mod 4. 
These operations are analogous to the unitary operations 
of quantum mechanics. Teleportation has now been suc- 
cessfully completed - the final state of particle 3 is iden- 
tical with the initial state of particle 1. 
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We can take a step back and ask: how exactly has this 
teleportation been accomplished? No individual particle 
has been transmitted from Alice to Bob (apart from in 
the preparatory stages and those used to transmit clas- 
sical bits). Rather, correlations between hidden states 
have been used to ensure that the final state of the par- 
ticle in Bob's possession is identical with the intial state 
of the particle that Alice teleported. Although Alice in 
this theory is unable to determine the state of a particle 
directly, it turns out that she is able to do a measurement 
that tells her the difference between the states of parti- 
cles 1 and 2. The correlations between the hidden states 
ensure that particle 3 is initially in the same state as par- 
ticle 2 and Bob is then able to perform an operation on 
particle 3 to make up the difference. 

It is clear that this model works in the way it does only 
because there are only four different states that a particle 
can be in - this corresponds to the fact that Alice sends 
two classical bits. In this sense it is artificial and it is not 
miraculous that it works. It is, however, quite adequate 
to establish Hardy's claim that teleportation and nonlo- 
cality are conceptually distinct. In subsequent sections 
we turn to consider whether, or in what circumstances, 
teleportation in quantum mechanics could be effected by 
making use of correlations between hidden variables in a 
similar manner. 



IV. TELEPORTATION AND NONLOCALITY 



Consider the standard scheme for quantum mechani- 
cal teleportation. Alice's first action is to perform a joint 
measurement on her half of the shared system and the 
system she wishes to teleport. The measurement projects 
onto the Bell basis. There is another way of looking at 
this measurement (described in (m)). Recall that the 
most general type of quantum measurement corresponds 
to a positive operator valued decomposition of the iden- 
tity 1 3]. We call such a measurement a POV measure- 
ment. In the special case that the measurement corre- 
sponds to a projective decomposition of the identity, we 
refer to it as a projective measurement. A POV measure- 
ment on some system can always be realized by attaching 
an ancilla and performing a projective measurement on 
the combined system Conversely, any joint projec- 
tive measurement performed on the system and ancilla 
can be thought of as a POV measurement on just the 
system. This is exactly what is happening in the case of 
teleportation - we regard Alice's half of the shared state 
as the system and the state being teleported as the an- 
cilla. If the state being teleported is \x) — ( ^ ^ , then 

Alice is performing a POV measurement on her half of 
p, the shared state, with elements as follows: 



POV element 



Bell outcome Bob's state, 
if p = singlet 



A 



i ( W ~ab* 



2 I -a*b \a\ 2 



\b\ 2 ab* 



2 V a*b a 



A2 -~A~ab* \b\ 2 ) 



A 3 = h 



2 I ab* \b\ 2 



b 
a 

-b 
a 



The first column shows the POV element, the second 
the corresponding outcome if Alice's measurement is re- 
garded as a projection onto the Bell basis and the third 
the state that Bob ends up with (before he does any uni- 
tary transformation) assuming that p is a singlet. 

Now suppose that the teleportation procedure is re- 
peated many times but with a modification: Bob does 
not bother performing unitary transformations. Instead, 
he wishes to determine how close the states he receives 
are to those being teleported (he can always take into 
account the fact that he would have performed a uni- 
tary transformation had he waited for the two classical 
bits). Bob does this by performing ordinary projective 
measurements. He performs them at spacelike separation 
from Alice's POV (or Bell basis) measurements. Also 
suppose that Alice does not know each time which state 
she is teleporting. Someone knows which states are being 
teleported by Alice and she can be called Clare. From the 
table above, it is clear that Alice is actually performing 
a four-element POV measurement each time and which 
measurement she is performing is determined by \x) (that 
is, by the values of a and b). We have now reduced the 
standard teleportation scenario to a typical experimental 
scenario for testing locality via Bell inequalities. On each 
run of the experiment, Alice performs one of a selection 
of incompatible measurements (although it is Clare who 
makes the choice for her) and so does Bob. After many 
runs, Alice and Bob can get together and, with Clare's 
help, see how their results are correlated. The point is 
that, if the teleportation is being carried out with high fi- 
delity, then Bob's results will be strongly correlated with 
Alice's and we can expect that some Bell-type inequal- 
ity will be violated. If no Bell-type inequality is violated 
then we can say that the whole procedure could have 
been simulated with a local hidden variable model and 
that no nonlocality is therefore being exhibited. The task 
now is to derive a Bell-type inequality pertaining to the 
teleportation scenario and investigate when it might be 
violated. 



4 



In order to look for a Bell-type inequality that may be 
violated, we impose some restrictions. Suppose that Al- 
ice only ever teleports one of two possible states, fed to 
her randomly by Clare. This means that in the terms 
of the analysis above, Alice is always performing one 
from a choice of two possible POV measurements, each 
of which has four possible outcomes. We restrict Bob to 
a choice of two possible projective measurements, each 
of which has two possible outcomes. If a joint outcome 
includes both Alice's and Bob's outcomes, then there are 
(4 + 4) x (2 + 2) = 32 possible joint outcomes. As dis- 
cussed in Sec. [n| Peres shows how to construct Bell-type 
inequalities pertaining to this scenario in 11 1. Unfortu- 
nately, there are a very large number of such inequalities 
(the number increases very rapidly with the number of 
joint outcomes) and it is hard to know where to start 
looking if we want to find one that is violated. For this 
reason, we impose another restriction. Suppose that, al- 
though Alice's measurements each have four distinct out- 
comes, we group them into pairs, so that, for example, 
Aq or A2 counts as outcome 1 and A\ or A3 counts as 
outcome 2. We then have that Alice has a choice of two 
measurements, each with two possible outcomes and so 
does Bob. This means that we can apply the well known 
Clauser-Horne inequality j9) (or something equivalent to 
it) directly to this case. 

First, some terminology. Alice performs one of two 
measurements, which we label T and U . Alice performing 
measurement T corresponds to Clare giving her a state 
a 



\x) = 



to teleport. Alice performing measurement 



U, on the other hand, corresponds to Clare giving her 
a state \x') = ( ) to teleport. Measurement T has 



two outcomes, labelled t and t. Outcome t corresponds 
to Alice getting Aq or Ai in her measurement. Outcome 
t corresponds to her getting A\ or A3. Similarly, mea- 
surement U has two outcomes, u and u. u corresponds to 
outcome Aq or A3 while u corresponds to A\ or Ai. Note 
how the grouping of four possible outcomes into pairs is 
done differently according to which measurement Alice is 
performing. It turns out that unless we do it like this we 
do not get an inequality that is violated. 

Bob's two measurements are denoted R and S, with 
outcomes r,f,s and s. R and S can correspond to spin 
measurements in different directions, r and s to spin up 
results and f and s to spin down results. 

The inequality we use is 

< Pr(t, s) + Pr(w, r) + Pr(w, s) - Pr(i, r) < 1. (3) 

Here, Pr(t, r) represents the probability of Alice obtain- 
ing outcome t and Bob obtaining outcome r in one 
run (given that Alice performs measurement T and Bob 
measurement R). This is seen to be equivalent to 
the Clauser-Horne inequality by adding and subtracting 
Pr(t, s) + Pr(w, r), leaving 



< Pr(t) + Pr(r) + Pr(u, s) - 

Pr(i, s) - Pr(u, r) - Pr(i, r) < 1, 

where Pr(t) is the probability of Alice getting outcome t 
and Pr(r) the probability of Bob getting outcome r. 

Now we substitute some values to show that this in- 
equality can be violated for teleportation using a sin- 
glet. Using the standard rule for obtaining probabilities 
in quantum mechanics, we get 

Pr(i,r) =Tr [ p (A + A 2 )®P }, 

where P is the projection operator corresponding to out- 
come r. We get similar expressions for the other out- 
comes. If p is a singlet, this gives 

0< -(2 - c(r x + s x ) + d(r v - s y )) < 1, (4) 

where c = ab* + a*b and d = —i(a'b'* — a'*b'). We also 
have that (r x ,r y ,r z ) = r is the direction of spin mea- 
surement R and (s x ,s y ,s z ) = s is the direction of spin 
measurement S. If we set 



1 1 







1 

71 



V2' V2 



.0 



then Eq. (Q), and therefore Eq. (||), is violated (we get 
\{2-c{r x + s x ) + d{r y -s y )) = (l~V2)/2 m -0.21 < 0). 
This corresponds to Alice teleporting one of two states 
- either spin-up along the x-axis or spin-up along the 
y-axis. Bob is performing one of two possible spin mea- 
surements, oriented in the xy-plane at ±45° to the x-axis. 

Thus we see that perfect teleportation using the stan- 
dard scheme does imply nonlocality. In the next section, 
we introduce 'Werner states' and in Sec. 



VI 



we investi- 
gate when teleportation using a Werner state might im- 
ply nonlocality. 



V. WERNER STATES 

The Werner states' were first introduced by Werner 
in They are states in Hd <8> Hd, where Hd is a d- 

dimensional Hilbert space, which consist of a mixture 
of an entangled pure state in d x d dimensions and ro- 
tationally symmetric noise represented by the identity. 
The d-dimensional Werner state is given by 



W d 



— T — 

d 3 + d 2 



pa 



where P antl projects onto the totally antisymmetric sub- 
space of the product space and I is the identity acting on 
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the product space. In his original paper, Werner writes 
this as 



W, 



1 



-I 



1 

dp 



r, 



where V is the operator which, acting on any two particle 
product state \<j>) ® 'swaps' it to give \ip) ® \<t>)- (Note 
that P anti = (1- V)/2.) 

In particular, the two-dimensional Werner state is 
given by 



W 2 



1 



1 



-P s 



where P s is the projector onto the singlet state. 

In Werner introduces a local hidden variable 

model for these states. We assume that Alice and Bob 
share a supply of ci-dimensional Werner states and that 
both perform a single projective measurement on each 
run of a Bell- type experiment. Briefly, the model works 
as follows. Any given pair of particles is assigned a hid- 
den state | A). | A) is a vector of unit magnitude in d- 
dimensional complex space. We define a measure w(X) dX 
over the possible values of |A) which is unchanged under 
U(d) rotations. This gives us the distribution of |A) val- 
ues obtained over many runs of the experiment. Suppose 
Alice performs a measurement A with possible outcomes 
a,fc and Bob a measurement B with possible outcomes 6; . 
(We assume that both Alice's and Bob's measurements 
are maximal projective measurements - see [ fl6| for how 
to extend the model, fairly trivially, to nonmaximal pro- 
jective measurements.) We have that the probability of 
obtaining the particular outcomes and bj is 

Pr(a <> 6 J -|i4 > B) - JdX u(X) Pr( ai \A,X) Pr(bj\B,X). 
We also have: 

Pr(a,|A A) = 1 if <A|P Qi |A) < (A|P Qi , |A) V*' + i (5) 
= otherwise, 



and 



Pr(6,|S,A) = (A|P b JA), 



(6) 



where P ak and P^ are the projection operators corre- 
sponding to measurement outcomes and 6/. It is 
then reasonably easy to show that Pr(a,, bj\A, B) = 
r lT[WdPa i ®Pbj] 1 which is the required quantum proba- 
bility (see both Werner's original paper and Mermin 

It is significant that the Werner states are mixed, en- 
tangled states. It might seem surprising that entangled 
states can have a local hidden variable model, especially 
in the light of a result that says that all entangled pure 
states are nonlocal [l7] . The story became more com- 
plicated when Popescu showed that the ci-dimensional 



Werner states exhibit the 'hidden nonlocality' we spoke 
of earlier, provided d > 5 [ p"2||l6| ] . By this we mean that 
for these states, nonlocality can be revealed if Alice and 
Bob each perform a sequence of two projective measure- 
ments on each run of the experiment - note that the lo- 
cal hidden variable model above only predicts the results 
for single projective measurements. (More precisely, the 
only way in which a local theory could account for the 
results of the sequential measurments would be for the 
outcome of Alice's first measurement to be causally re- 
lated to the choice of which measurement to perform for 
her second measurement - presumably this is something 
that a sensible theory should disallow if Alice is a free ob- 
server.) Whether an alternative scheme might show that 
the Werner states with d < 4 have hidden nonlocality or 
whether the use of POV measurements might show these 
states to be nonlocal are open questions. 

Rather than consider these questions here, we wish to 
restrict attention to the two-dimensional case but gener- 
alize slightly so that we consider states of the form 



1 



-I + aP s . 



This corresponds to Werner's original state in two- 
dimensions when a = 1/2. It is entangled if a > 1/3. 
Note that it follows trivially from Werner's local hidden 
variable model for the a = 1/2 case that there also exists 
a local hidden variable model (for single projective mea- 
surements) for any a < 1/2. Rather than consider in full 
generality which of these states may be local or nonlocal, 
in the next section we consider what teleportation using 
Werner states might tell us about nonlocality. 



VI. WERNER STATES AND TELEPORTATION 
A. Local Hidden Variable Models 

It has sometimes been argued that the state W 7 ^ -1 ^ 2 , 
to which Werner's original local hidden variable model 
applies, must be nonlocal in some sense because, if used 
for teleportation, the fidelity achieved is | which is 
greater than the 'classical limit' of | (see, e.g., Popescu 
|l9|). This 'classical limit' is obtained as follows. It is 
in fact the best fidelity that can be obtained when Alice 
and Bob do not share any entangled quantum state and 
Alice does not know what state she is teleporting. Fi- 
delity | is achieved by Alice performing a measurement 
of spin along the z-axis on her particle and communicat- 
ing the result to Bob classically. Bob then prepares a 
state that is correspondingly spin up or down along the 
z-axis. From here on, we refer to teleportation that works 
when Alice is ignorant of the state she is teleporting as 
'unknown-state teleportation' (this includes, for example, 
the standard scheme) and teleportation that requires Al- 
ice to know the state she is teleporting as 'known-state 
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teleportation'. We can say, then, that unknown-state 
teleportation with fidelity > | requires Alice and Bob 
to share an entangled quantum state. Popescu |nj de- 
scribes any instance of unknown-state teleportation with 
fidelity > | as a type of 'nonlocality' (presumably in view 
of the fact that shared entanglement is required). He is 
well aware, however, that this would not necessarily im- 
ply violation of a Bell-type inequality and notes therefore 
that there are two types of 'nonlocality' which are "in- 
equivalent" . In the context of our investigation we prefer 
to reserve the term 'nonlocality' strictly for nonsimula- 
bility by a local hidden variable model, as explained in 
Sec. H We can say simply that unknown-state telepor- 
tation with fidelity > | demonstrates that entanglement 

is present. The question of whether the W^ 2 Q_1 ^ 2 state 
might have hidden nonlocality or nonlocality that can 
be revealed by POV measurements remains open - what 
we wish to argue here is that its ability to teleport with 
fidelity | does not bear on this question. 

We do this via a simple modification of Werner's hid- 
den variable model. Consider the 'teleportation' scenario 
above in which Bob does not bother waiting for Alice's 
two classical bits or performing a unitary transformation 
but instead performs a measurement of some kind. If we 
can provide a local hidden variable model for this sce- 
nario, then we have effectively described teleportation of 
fidelity | using local hidden variables (even though | is 
greater than the 'classical limit'). 

Werner's original model does not immediately apply 
because it applies to projective measurements on the 
Werner state only. Here, Alice is performing a Bell-basis 
measurement on her half of the shared Werner state and 
the state to be teleported. As described above, however, 
for our purposes we can regard this as a POV measure- 
ment on Alice's half of the shared state alone. Our aim 
is to adapt Werner's model so that we recover the correct 
quantum mechanical predictions for POV measurements 
performed on Alice's half of the shared state at space- 
like separation from projective measurements performed 
on Bob's half. We can do this as follows. Suppose that 
Alice performs an arbitrary POV measurement A, with 
elements A m such that J2 m A m — I. Then, for a partic- 
ular outcome A„ , we can define 



Pv(A n \A, A) = (\\A n \\), 



(7) 



where on the right-hand side (RHS), A n represents a pos- 
itive operator and on the LHS the corresponding experi- 
mental outcome. 

If we assume that Werner's original model works, it 
is easy to show that this modified model works for an 
arbitrary POV measurement performed by Alice. If a 
spectral decomposition of A n is given by A n — 3?Q?> 
where < qf < 1 and Q™ is a projector, then 

Px{A n ,bj\A,B) = JdX w(A) Pr(A n \A,X) Pr(bj\B,X) 



= \dXu{X) {X\A n \\) PrfolB.A) 

q?[dXu(X) (A|Q?|A) Pv(bAB,X) 



= Vgl 1 Tr[W 2 c 



= Tr{W°- 1/2 A n ®P bj ], 

which is the required result. We got from the third line to 
the fourth line by assuming that Werner's original model 
for projective measurements works. 

Incidently, the model can also easily be extended to 
include the case where Bob peforms a POV measure- 
ment provided Bob's POV elements commute pairwise. 
In this case, there exists a single basis in terms of which 
we can write down the spectral decomposition of all of 
Bob's POV elements. Suppose B n > = J2j Qj where 
the Qj are the projectors onto the elements of this basis 
(and the point is that they are independent of n'). If 
a projective measurement corresponding to a decompo- 
sition of the identity ■ Qj = I is performed, Werner's 
orignal model gives us the outcome probabilities via rule 
(||). For now, we abuse notation slightly and write these 
outcome probabilities as Pi(Qj\X). We can define the 
outcome probabilities for Bob's POV measurement as: 



=1/2 



Pr(B n ,\B,\) 



3 



Qi Pr(Q;|A). 



(8) 



Reasoning similar to that above for the extension on Al- 
ice's side shows that this will reproduce the correct quan- 
tum mechanical probabilities. 

As mentioned above, to our knowledge, no one has yet 
constructed a local hidden variable model for W^ -1 ^ 2 
which correctly reproduces the quantum mechanical 
probabilities for arbitrary POV measurements on both 
Alice's and Bob's sides. What we have here is quite ad- 
equate for simulation of our modified teleportation sce- 
nario provided Bob is not allowed arbitrary POV mea- 
surements. It seems unlikely that allowing Bob this free- 
dom would reveal nonlocality where there was none be- 
fore, but we cannot claim to have ruled this out. Thus 
we conclude that with this slight qualification, the ability 
of the W^ -1 ^ 2 state to teleport with fidelity | does not 
betoken nonlocality. 

In the next section we consider Werner states with gen- 
eral a. We use the Bell- type inequality derived in Sec. IV 
to investigate when imperfect teleportation using Werner 
states might imply nonlocality. 



B. When does Teleportation Imply Nonlocality? 

In this section we use all the same notation as in Sec. 
IV. Consider again our Bell- type inequality (pi): 
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< Pr(i, a) + Pr(u, r) + Pr(u, s) - Pr(t, r) < 1. 

If Alice's and Bob's shared state is p — aP s + [(l-a)/4]/, 
then we get 



< -(2 - a(c(r x + s x ) + d(r y - s y ))) < 1, 

again with c = ab* + a*b and d = —i(a'b'* - a'*b'). If, as 
before, we set 



1 (\ 



1 (\ 



then we have a violation if 



a > 



y/2' V2 



.0 



V2' 



Thus teleportation using the standard scheme and a 
Werner state with a > l/v2 implies nonlocality. This 
of course implies that these states are nonlocal. 

In fact, it is precisely the Werner states with a > l/y/2 
that violate the ordinary CHSH inequality |l0| for a suit- 
able choice of projective measurements, so we did not 
need to consider teleportation or derive this inequality 
merely to find out that these states are nonlocal. That 
they violate the CHSH inequality can be shown using 
a result of the Horodeckis' |2(J as follows. Any density 
matrix operating on H2 ® H-2 can be written as: 



p = - (I <g> I + y/o-i ® I ■ 



V?I<g>(n + Tii(Ti 



where the Ui are the Pauli a matrices, V/ and V 2 are 
real three-dimensional vectors, is a real 3x3 matrix 
and repeated indices are summed over. (Note that there 
are other conditions which V 1 , V 2 and T must satisfy for 
p to be a genuine density matrix). The Horodeckis show 
that p violates the CHSH inequality for some choice of 
measurements for Alice and Bob if and only if ii +*2 > 1, 
where t\ and t^ are the largest two eigenvalues of T T T. 

It is easy to show that, in order to write a generalized 
2-dimensional Werner state in this form, we set 



to get 



V 1 = 0, V 2 = and T# = -a 5 V 



W% = -{I®I-a Sij <Ji (daj). 



This state violates the CHSH inequality if and only if 
a > 1/V2, as claimed. 

What we have shown in this section, then, is not just 
that the Werner states with a > l/y/2 are nonlocal - 



we already knew this from PQ] . We have shown in addi- 
tion that consideration of teleportation using these states 
can also reveal them as nonlocal. This can be regarded 
as in keeping with a conjecture made by Zukowski who 
suggests that 

"the quantum component of the telepor- 
tation process cannot be described in a local 
and realistic way as long as the initial [shared] 
state... neither admits such models." || 

To summarize, we have a local hidden variable model 
to describe teleportation using any Werner state with 
ct < 1/2 (with the slight caveat that we have not in- 
cluded the case in which Bob performs arbitrary POV 
measurements on the state that he receives). We have 
also shown that teleportation with the standard scheme 
and a Werner state with a > l/v2~ does imply nonlo- 
cality. States with 1/2 < a < l/y/2 do not violate the 
CHSH inequality for any choice of projective measure- 
ments but apart from this, questions about their locality 
remain open. When used for teleportation, they do not 
violate our inequality but might violate some other in- 
equality. 

Note that a state with a just greater than will 
teleport with a fidelity just greater than l/2(l + l/v / 2) ~ 
0.85. The teleportation procedure will involve nonlocal- 
ity even though this value for the fidelity is below a bound 
derived by Gisin, which is ~ 0.87 [0. We discuss this fur- 



ther in Sec. VII 



Our investigation has been resticted to teleportation 
using Werner states and the standard scheme. It might 
be interesting to try to extend these results and find 
something more general of the form: unknown-state tele- 
portation implies nonlocality if the fidelity is F or higher 
and can otherwise be described using a local hidden vari- 
able model. It may well be, however, that there is no 
such result to be found. There could exist two states 
p and p' and two teleportation schemes, which teleport 
with fidelities F and F' such that teleportation with p 
implies nonlocality while teleportation with p' does not 
even though F < F'. 



VII. GISIN'S RESULT 

Before concluding we would like to comment on a result 
of Gisin's which he claims has relevance to teleportation 
and nonlocality 0]. Gisin derives a value for teleporta- 
tion fidelity that is given by 



F 



3 arctan y/2 



0.87. 



He describes this as an "upper bound for the fidelity of 
quantum teleportation explainable by local hidden vari- 
ables". The value of F is derived as follows. 
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First Gisin notes that the shared state, D, must be lo- 
cal, and "hence useless for teleportation" . Then, "within 
the local hidden variable paradigm, Alice could measure 
the state t/i 'Alice in the classical sense of 'measuring': find- 
ing out what the state ipAUce is." Here, ipAUce is the state 
that Alice is teleporting (which we earlier called \x))- In 
the light of this, to derive the value for F above, we as- 
sume that Alice and Bob share nothing, that Alice knows 
the quantum state she is trying to teleport and that Al- 
ice sends two classical bits to Bob. The best they can 
do is to divide the surface of the Bloch sphere into four 
regions. Alice uses the two classical bits to let Bob know 
which region the state she is teleporting lies in. Bob then 
prepares a state in the centre of this region. The optimal 
way of doing this is to inscribe a regular tetrahedron in 
the Bloch sphere. The areas of the surface of the sphere 
subtended by the faces of the tetrahedron are the four 
regions used. Calculation then gives the average fidelity 
obtained as F above. 

We feel that the description of F as an "upper bound 
for the fidelity of quantum teleportation explainable by 
local hidden variables" is slightly misleading. On the 
assumption that 'explainable' here can be replaced with 
'simulable', the fidelity 'explainable' by local hidden vari- 
ables rather depends on what is to count as a simulation 
of a quantum teleportation procedure. Under our and 
Zukowski's approach, we are happy if a local theory can 
predict the results of Alice's Bell measurement and of 
a spacelike-separated measurement made by Bob (for a 
completely different approach which is equally interest- 
ing, see 0). Using our and Zukowski's approach, we 



found that the ability of the state W, 



a=l/2 



to teleport 



with fidelity | does not betoken any form of nonlocal- 
ity. On the other hand, the fact that under the standard 
scheme, a state VUf with a just greater than l/y/2 tele- 
ports with fidelity just greater than l/2(l + l/v2) ~ 0.85 
does betoken nonlocality. This is despite the value of 
~ 0.85 being below Gisin's bound. It is true that, if Al- 
ice knows the state she is trying to teleport, then she can 
do better than this using only local means - this is what 
Gisin's result shows. If Alice does not know the state she 
wants to teleport, however, then the standard teleporta- 
tion scheme is the best she can do and this will involve 
nonlocality. (Note that the standard scheme is indeed the 
optimal scheme for unknown-state teleportation using a 
Werner state; see, e.g., pl[). 

In addition, there is no reason why teleportation with a 
fidelity greater than Gisin's bound should not be simula- 
ble by local hidden variables in some cases. The key here 
is that hidden variable theories are surely only required 
to reproduce probabilities for measurement results. In 
other words a hidden variable model need not specify an 
actual quantum state to be received by Bob on each run 
of the experiment - we must assume that Bob does some 
kind of measurement and it is only the outcome of this 



measurement that must be predicted by the model. So 
it is not quite correct to say that a shared state that is 
local must be "useless for teleportation" . The local cor- 
relations may be useful in helping Alice and Bob achieve 
correlated measurement results. 

At the least, we feel that Gisin's result is less genuinely 
to do with locality than our own or Zukowski's 0] or those 
of Cerf et al. M . This does not mean that Gisin's result 
is uninteresting, however. Interpreted as the best fidelity 
achievable when Alice and Bob share nothing at the start 
of the protocol, and Alice knows the state she is trying 
to teleport and is limited to the sending of two classical 
bits, it is correct. It can be contrasted with the value of 
| for the fidelity which is the best Alice and Bob can do 
when they share nothing at the start of the protocol and 
Alice does not know the state she is trying to teleport. 

Gisin's result is also useful. In the case that Alice 
and Bob share a nonmaximally entangled quantum state, 
they cannot achieve unit fidelity. Gisin's result shows 
that if Alice knows the state she is trying to teleport, is 
limited to the sending of two classical bits to Bob and 
the best fidelity achievable with a quantum scheme is 
< F w 0.87, then they may as well not bother using the 
shared quantum state. They would do better to use the 
purely classical scheme above. 



VIII. CONCLUSION 

Perfect teleportation (i.e., teleportation with unit fi- 
delity) initially seems paradoxical because only two clas- 
sical bits are sent yet Bob ends up with a quantum sys- 
tem in a state identical with the state of Alice's input 
system - and it would take an infinite amount of clas- 
sical information to specify precisely a quantum state. 
It is concluded (rather vaguely) that some sort of non- 
locality must be involved - the extra 'information' must 
be transmitted nonlocally. Vaidman argues that, cor- 
rectly interpreted, quantum teleportation involves the 
transfer of an 'object' from one place to another without 
it ever being located in the intervening space K}). This 
also sounds vaguely paradoxical and might suggest non- 
locality (although Vaidman himself is more concerned to 
reconcile this view of teleportation with his own belief 
in a many-worlds type interpretation of quantum me- 
chanics). Rather than adopt either of these two view- 
points, we are more inclined to dissolve these paradoxes 
(at least partially) by sharing Hardy's doubts concern- 
ing the reality of the 'information' apparently transmit- 
ted during teleportation (see the quotations in Sec. III). 
We suggest that the paradox is resolved if we consider a 
quantum state as being a description of an ensemble of 
systems, rather than a single system - Bob can identify 
the state and any information contained therein by per- 
forming measurements on the whole ensemble. But to 
teleport the whole ensemble, Alice does indeed send an 
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infinite number of classical bits. 

Having said this, teleportation might still involve non- 
locality. If we define nonlocality to mean nonsimulability 
by local hidden variables, then to speak meaningfully of 
teleportation being local or nonlocal we must have Bob 
performing a measurement of some sort on the state that 
he receives (because hidden variable models are required 
only to reproduce the results of measurements). Bob's 
measurement is at spacelike separation from Alice's. We 
can speak of the teleportation as being nonlocal if Bob's 
results are correlated with Alice's in a way that cannot 
be simulated with a local model. 

In investigating this, we have considered perfect tele- 
portation using a singlet, derived an appropriate Bell- 
type inequality and shown that it is violated. So per- 
fect teleportation is nonlocal. We have also consid- 
ered teleportation using Werner states, of the form p = 
aP 3 + [(1 — a)/4]J. Using the same inequality, we 
found that the teleportation is nonlocal precisely for 
those Werner states that violate the CHSH inequality, 
i.e., those with a > l/v2- These teleport with fidelity 
F > 1/2(1 + 1/^2) « 0.85. We also extended Werner's 
local hidden variable model for the a = 1/2 states to give 
a local model describing teleportation using these states 
(the fidelity of which is |). We concluded that the ability 
to teleport with fidelity | does not confer nonlocality in 
this case, with the qualification that we have not allowed 
Bob arbitrary POV measurements. 

Broadly speaking, the status of the (two-dimensional) 
Werner states with respect to locality remains unknown. 
Teleportation shows that those with a > l/\/2 are non- 
local - but we already knew this. Teleportation using 
the a — 1/2 state can be simulated locally - but the 
state may still have a hidden nonlocality to be revealed 
by other means. We do not know whether (unknown- 
state) teleportation using the 1/2 < a < 1/^/2 states 
can be simulated locally or not, or whether they might 
have nonlocality to be revealed by other means. 

Related independent results have been very recently 
circulated by Clifton and Pope |22| . 

Note added. An LHV model allowing for POV mea- 
surements on Bob's side has recently been constructed for 
the a = 5/12 state, which teleports with fidelity 17/24 
p3[. Thus we can simulate teleportation with fidelity 



17/24 without the qualification that Bob is restricted to 
projective measurements. 
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